Abstract. We use the machinery of relative homological algebra to study modules of finite Gorenstein flat dimension.
Introduction
Convention. In this paper R is a commutative noetherian ring with nonzero identity, M(R) is the class of (unital) R-modules, and X is a class of R-modules.
The point of this paper is to investigate the R-modules of finite Gorenstein flat dimension through the methods of relative homological algebra. (See Section 1 for background information.) The basic idea is not a new one: if an R-module M admits a "proper X -resolution" X → M , then X is uniquely determined up to homotopy equivalence. This implies that the functors Tor i (Hom R (X, −) are well-defined. These functors provide nontrivial information about how M interacts with the class X . For instance, vanishing of these functors can characterize when M admits a bounded resolution by modules in X. Motivating examples of this are in [3, 12, 16] ; see also [21, 22] .
Each of the above cited examples focuses primarily on deriving traditionally: one uses classes of projective-like modules for Ext, and flat-like modules for Tor. However, such restrictions are not required, as one sees in [1] where Ext We also study some aspects of Tor GF i (M, −) in this section. From [17] , we know that the class CF(R) of cotorsion R-modules of finite flat dimension is useful for studying Gorenstein flat dimension. In Section 3, we prove the following approximation result,à la [2, 17] .
Theorem 3.1. If M is an R-module with Gfd R M < ∞, then M has a monic CFpreenvelope ϕ : M → K such that fd R K = Gfd R M and coker ϕ is Gorenstein flat.
We use this result in two distinct ways.
First, in Section 3 we study some base-change behavior of Gorenstein flat dimension and the associated relative (co)homology functors. In particular, we provide a counterexample to (and corrected versions of) two results of [20] .
Second, in Section 4 we study the homological dimension CF-id R M and the relative derived functors Ext i CF (−, M ) defined in terms of (proper) CF coresolutions of M . For instance, we use these functors to characterize cotorsion properties of modules of finite Gorenstein flat dimension. The paper concludes with a brief discussion of the relation between the "large restricted injective dimension" of M and Gid R M .
Prerequisites
Here we outline foundational notions used throughout the paper. Definition 1.1. In this paper, R-complexes (a.k.a., chain complexes of R-modules) are indexed homologically
except where we specify otherwise. A morphism X → Y between R-complexes is another word for "chain map".
In this paper cotorsion modules play a major role. Definition 1.2. An R-module K is n-cotorsion if Ext i R (F, K) = 0 for each i > n and each flat R-module F , and K is strongly n-cotorsion if Ext i R (X, K) = 0 for each i > n and each R-module X of finite flat dimension. The terms cotorsion and strongly cotorsion are used for the case n = 0. We use the notation CF(R) for the class of R-modules consisting of the cotorsion modules of finite flat dimension. Remark 1.3. An R-module M is in CF(R) if and only if there is an exact sequence
We write pd for projective dimension, fd for flat dimension, and id for injective dimension. A Gorenstein flat resolution of an R-module M is a complex of Gorenstein flat modules
with an augmentation map G 0 → M such that the augmented complex
is exact. A projective or flat resolution of M is a Gorenstein flat resolution. We write G → M to denote a Gorenstein flat resolution of M , and we set
The notions of Gorenstein injective resolution and CF coresolution are dual, with
is homologically trivial for each G ∈ GF(R). Since R is in GF(R), each GF-exact complex is exact. A proper Gorenstein flat resolution of an R-module M is a Gorenstein flat resolution G of M such that the augmented complex G + is GF-exact. The notions of CF-coexact and proper CF coresolution are defined dually. Remark 1.9. From [13, 3.3] we know that every R-module has a GF-cover. Hence, every R-module has a proper Gorenstein flat resolution. From [4, Theorem 3] we know that every R-module M has a flat cover F 
(a) There exist morphisms of complexes φ : P → G and φ 
For each such µ there exists a morphism µ : P → P ′ , unique up to homotopy, making the left-hand square of the diagram commute up to homotopy. If µ = id M and G is also proper, then µ and µ are homotopy equivalences. 
where the top and middle rows are degreewise split exact, γ ′ is a proper Gorenstein flat resolution, π ′ = γ ′ φ ′ is a projective resolution, and π = γφ and π
The following tools of Christensen, Foxby and Frankild [6, 15] are useful for tracking Gorenstein homological dimensions. 
for some R-module X with pd R X < ∞}.
Relative Homological Algebra with Gorenstein flat Modules
In this section we investigate relative homological algebra with respect to the class of Gorenstein flat modules in the sense of Eilenberg and Moore [7] and Enochs and Jenda [12] .
For each n ∈ Z and every Rmodule N , we consider the n-th relative cohomology modules
′ be a morphism as in Lemma 1.10. Applying the functors Hom R (−, N ) and − ⊗ R N to µ and taking homology yield homomorphisms
Furthermore, an R-linear map τ : N → N ′ gives rise to more homomorphisms GF n (M, τ ) are well-defined as well. Furthermore, it is not difficult to check that these constructions are functorial and compatible, in the sense that the following diagrams commute
(a) The constructions described above give well-defined additive functors
(b) For all R-modules M and N , there are natural isomorphisms Ext
Proof. Part (a) follows from Remark 2.2, and part (b) is a consequence of the left and right exactness of Hom and tensor product, respectively.
Our next results describe exactness properties for these functors as in [3] .
Proposition 2.4. Given an R-module M and a GF-exact sequence of modules
respectively. This sequence is natural in both arguments, in the following sense.
where each vertical map is the appropriate Ext
commutative diagram with both rows GF-exact
Proof. Let G → M be a proper Gorenstein flat resolution. Since the given sequence is GF-exact the following sequence of morphisms is exact.
HomR(G,α2)
HomR(G,α1)
The associated long exact sequence is the desired one. 
where each vertical map is the appropriate Hom( µ, N j ).
(b) The desired diagram comes from the following one
where each vertical map is the appropriate Hom(M, β j ). Proof. When N 0 has finite injective dimension, one has Tor (3.13) ], so the tensored sequence is exact in this case. The remainder of the proof is similar to that of Proposition 2.4.
Proposition 2.5. Fix an R-module M and a short exact sequence of R-modules
0 → N 2 α2 −→ N 1 α1 −→ N 0 → 0 such that, for each G ∈ GF(R), the tensored sequence 0 → G ⊗ R N 2 → G ⊗ R N 1 → G ⊗ R N 0 → 0 is exact.
(For instance, this holds when the sequence is split exact or when N 0 has finite injective dimension.) There is a long exact sequence
′′ → 0 be a GF-exact sequence of R-modules and N an R-module. There are exact sequences 
where γ ′ is a proper Gorenstein flat resolution and the top row is degreewise split exact. Applying Hom R (−, N ) and − ⊗ R N to the top row and taking (co)homology yields the desired sequences.
The next theorem is one of the main results of this section. It shows that the vanishing of Ext n GF (M, −) measures the Gorenstein flat dimension of M . Theorem 2.7. For an R-module M and an integer g 0, the following conditions are equivalent: 
Since the resolution G is proper, it is routine to check that the sequence (2.7.1) is GF-exact. Standard dimension-shifting arguments give an isomorphism
so Proposition 2.4 yields an exact sequence
which shows that sequence (2.7.1) is split exact. Since G g+1 is Gorenstein flat, it follows from [17, (3.13) ] that the same is true of Ω g G, as desired.
We have a slightly weaker result for Tor GF .
Proposition 2.8. Consider the following conditions on an R-module M and an integer g 0:
Proof. The only nontrivial thing to check is the implication (iii) =⇒ (i) under the hypothesis Gfd R M < ∞. We show that Ω g G is Gorenstein flat where G → M is a proper Gorenstein flat resolution. Fix an injective R-module I. Since Gfd R Ω g G is finite, it sufffices by [17, (3.14) ] to show that Tor
Since G g+1 is Gorenstein flat, we have Tor R i (G g+1 , I) = 0 for all i 1. A piece of the long exact sequence gotten from applying Tor R i (−, I) to (2.8.1) has the form 0 → Tor
Thus, it suffices to show that the map Ω g+1 G ⊗ R I → G g+1 ⊗ R I is injective. Apply Proposition 2.6 to (2.8.1) in order to obtain the exact sequence 0 = Tor
which shows that the desired map is injective. 
For each R-module N , apply Hom R (−, N ) and − ⊗ R N to ϕ and take (co)homology to obtain homomorphisms N ) . The uniqueness statements in Lemma 1.10 imply that these maps are independent of the resolutions and lifts chosen.
Using Lemma 1.10 it is routine to show that these maps are compatable with the usual maps: Given R-module homomorphisms α : M → M ′ and β : N → N ′ , there exist commutative diagrams
and similarly for Tor. Furthermore, Lemma 1.11 provides similar compatibility with the connecting homomorphisms in the long exact sequences constructed in Propositions 2.4-2.6 and those coming from the long exact sequences on the usual derived functors. The interested reader is encouraged to build the diagrams and verify their commutativity. We check one of these results explicitly, as it is used in the sequel.
′′ → 0 be a GF-exact sequence of R-modules, and let N be an R-module. The following diagram commutes
where the top row is the usual long exact sequence in Tor, and the bottom row is the long exact sequence from Theorem 2.6.
Proof. Apply − ⊗ R N to the diagram given in Lemma 1.11 and take homology to obtain the desired diagram.
The next theorem shows that the bijectivity of the above maps characterizes the modules of finite flat dimension. 
Proof. (a) We prove this result by induction on n. The case n = 0 is covered in Proposition 2.3, so assume n > 0. Let G → M be a proper Gorenstein flat resolution and consider the GF-exact sequence
Since G 1 is Gorenstein flat, there are equalities
1, where the first is from [17, (3.14) ] and the second is by Propsoition 2.8. Applying Proposition 2.10 to (2.11.1) yields a commutative diagram (c) (i) =⇒ (ii) When fd R M is finite, we claim that M has a proper GF-resolution which is also a flat resolution. (Once this is shown, one sees that this resolution computes both Tor R (M, −) and Tor GF (M, −), so the natural morphism between them is an isomorphism.) Set g = Gfd R M = fd R M < ∞.
From [17, 3 .23], we have an exact sequence
such that φ is a Gorenstein flat precover and K is cotorsion with fd R K = g − 1.
Since K and M have finite flat dimension, so does G. Thus, the fact that G is Gorenstein flat implies that G is flat. If g = 0, then K = 0, so the isomorphism G φ − → M gives the desired resolution. If g 1, then an induction argument shows that K has a proper GF-resolution which is also a flat resolution; splice this resolution with the above exact sequence to construct the desired resolution. The implications (ii) =⇒ (iii) =⇒ (iv) are trivial. For (iv) =⇒ (i), the assumption that Gfd R M is finite yields Tor Example 2.12. Let R be an integral domain that is not a field, with fraction field K. Then Gfd R K = fd R K = 0. Thus, by Theorem 2.11(c), we have Tor GF n (K, −) = 0 for n > 0. On the other hand, we have 1 pd R K, so Ext
By [17, 3.14], there is an injective R-module I such that, Tor 1 and all K ∈ CF(R); this gives the desired inequality in this case. The inductive step g 1 follows readily from a dimension-shifting argument applied to an exact sequence
such that G is Gorenstein flat and Gfd R M ′ = g − 1.
Base Change
The next result provides certain "approximations" of modules of finite Gorenstein flat dimension. 
such that φ is a Gorenstein flat precover and X is cotorsion with fd R X = g − 1.
By the previous case, there is a second exact sequence
such that α is a CF-preenvelope where Q is flat cotorsion and G ′ is Gorenstein flat. Consider the next push-out diagram.
The middle row of this diagram shows that K is cotorsion with fd R K = g. Since G ′ is Gorenstein flat, we have Ext The next result connects "strict" and proper resolutions. 
such that φ is a Gorenstein flat precover and X is cotorsion with fd R X = g − 1. Remark 1.9 shows that X admits a resolution
such that each F i is flat cotorsion. Splice the displayed sequences to find the desired resolution.
(b) Since F n and F n−1 are cotorsion, it is straightforward to show that coker(∂ n ) is cotorsion, and similarly for each X i := coker(∂ i ) with i 2. Furthermore, X i has finite flat dimension for all i 2. Thus, we have Ext 
It follows that the sequence (3.2.1) is Hom R (H, −) exact, hence proper.
The remainder of this section is devoted to studying the behavior of these constructions along surjections R → R/(x) = R where x is an R-regular sequence. For convenience we set GF = GF(R) Theorem 3.3. Let x = x 1 , . . . , x n ∈ R be an R-regular sequence and set (−) = − ⊗ R R/(x). Let M be an R-module, and let N be an R-module. If Gfd R M < ∞ and x is M -regular, then Gfd R M Gfd R (M ), and for all n there are isomorphisms Ext
Proof. Arguing by induction on n, it suffices to consider the case n = 1.
Claim: if F is a cotorsion flat R-module then F is a cotorsion flat R-module. By [9, (2.3)] there are injective R-modules E i for i = 1, 2 such that F is a direct summand of the flat R-module Hom R (E 1 , E 2 ). It follows that F is a direct summand of the R-module
The isomorphisms here are Hom-evaluation and adjointness. Since each module Hom R (R, E i ) is injective over R, the claim follows from [9, (2.3)].
Set g = Gfd R M < ∞. Proposition 3.2(a) provides a proper Gorensetin flat resolution G → M of the form
such that each F i is cotorsion flat. Since x 1 is R-regular, the proof of [20, 3.11] shows that x 1 is weakly G 0 -regular and G 0 is Gorenstein flat over R. Since x 1 is Mregular, weakly G 0 -regular, and weakly F i -regular for each i, we conclude from [5, (1.1.15) ] that G + = G + is exact. In light of the above claim, Proposition 3.2(a)
implies that G is a proper Gorenstein flat resolution of M over R. In particular, we have Gfd R M g. Using this, the isomorphism for relative Ext follows from the next sequence.
The isomorphism for relative Tor is verified similarly.
Remark 3.4. In [20, 3.10-3.11 ], the following is claimed: Let M be an R-module, and let x = x 1 , . . . , x n ∈ R be a sequence that is R-regular and M -regular. Set
The following example shows that the first and third equalities fail, even when R is a complete regular local ring.
Let k be a field and set
] with a, c 0 and n 1. Consider the R-module
where p = (X) and q = (Y , Z). Then the sequence Y is R-regular and M -regular.
It is straightforward to show that fd R (R p /(X)R p ) = a: indeed, the Koszul complex K Rp (X) shows that fd R (R p /(X)R p ) a, and the isomorphism
The next equalities follow from [17, (3.16)], with computations like the ones above:
It is worth noting that [20, 3.12 ] is correct since the only part of [20, 3.10-3.11 ] needed for the proof is the inequality Gfd R M Gfd R (M ) from Theorem 3.3. Also, the first equality in item (b) above holds; see Proposition 3.5 below.
The error in the proof of item (a) above is as follows. The authors argue by induction on Rfd R M . In the induction step, the authors consider an exact sequence
where F is flat and Rfd R K = Rfd R M − 1. Since x is R-regular and M -regular, it is weakly F -regular and weakly K-regular. However, the sequence x may not be K-regular, that is, the module K may be 0. The induced sequence
is exact. The authors conclude by induction that Rfd R K = Rfd R K. If this were true, then their desired conclusion would follow. However, one can have K = 0, which does not allow for the desired conclusion.
The error in the proof of item (b) above is similar, coupled with an application of item (a).
With Remark 3.4 in mind, an analysis of the proof of [20, 3.10-3.11] provides the following. Note that the example in Remark 3.4 shows that, when fd R M < ∞, the quantity Rfd R M can take on any value up to Rfd R M , and similarly for Gfd.
Proposition 3.5. Let M be an R-module, and let x = x 1 , . . . , x n ∈ R be a sequence that is R-regular and M -regular.
with equality holding provided that
Rfd R M < ∞ = fd R M . (b) One has Gfd R M − n = Gfd R M Gfd R M ,
with equality holding in the second
step when Gfd R M < ∞ = fd R M .
Relative Homological Algebra with Flat Cotorsion Modules
This section is based on the next application of Theorem 3.1.
Remark 4.1. Let M be an R-module with Gfd R M < ∞. Theorem 3.1 shows that we can construct a proper CF coresolution M → C. As with the relative derived functors from Section 2, the following relative derived functors of Hom with respect to the class CF(R) are well-defined:
We show that g t s g. The inequality t s is routine.
Since Gfd R M < ∞, Theorem 3.1 provides a proper CF coresolution
is CF-coexact. A long exact sequence argument implies that Ext
For the inequality g t, assume without loss of generality that t < ∞. Thus, we have Ext n CF (G j , M ) = 0 for all n > t and all j 1. In particular, this implies Ext
and hence G t ∈ CF(R). We conclude that g t, as desired.
For the inequality s g, assume without loss of generality that g < ∞. It follows readily that the truncation 
We conclude that G p is cotorsion flat and hence g := CF-id R M p. Theorem 4.2 implies that Ext n CF (G, M ) = 0 for n > p. Dimension-shifting again, for n > p g, we find that that Ext Proof. Assume without loss of generality that g := Gid R M < ∞. We argue by induction on g. For the base case, assume that g = 0; we show that Rid R M = 0. In this case, M is non-zero and has a complete injective resolution E = · · · → E To complete the proof, assume that R is local such that dim R − depth R 1. Part of a complete injective resolution of G yields an exact sequence 0 → H → E → G → 0 such that E is injective and H is Gorenstein injective. Identify G with E/H so that the submodule M ⊆ G is of the form M = N/H for some submodule N ⊆ E. It follows that we have E/N ∼ = G/M ∼ = K, hence the next exact sequence.
Since id R K = g − 1, we have id R N = g. Since dim R − depth R 1, we conclude from [6, (5.13) ] that Rid R N = g, so there is an R-module X with pd R X < ∞ such that Ext Proof. When dim R < ∞, we know from [18, 19] that an R-module has finite flat dimension if and only if it has finite projective dimension. Thus, the desired conclusions follow from Theorem 4.5.
